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Dynamics of the contacts reveals Widom lines for jamming
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Abstract – We experimentally study the vicinity of the jamming transition by investigating the
statics and the dynamics of the contact network of a horizontally shaken bi-disperse packing
of photo-elastic discs. Compressing the packing very slowly, while maintaining a mechanical
excitation, yields a granular glass, namely a frozen structure of vibrating grains. In this glass
phase, we observe a remarkable dynamics of the contact network, which exhibits strong dynamical
heterogeneities. Such heterogeneities are maximum at a packing fraction φ∗, distinct and smaller
than the structural packing fraction φ†, which is indicated by an abrupt variation of the average
number of contacts per particle. We demonstrate that the two crossovers, one for the maximum
dynamical heterogeneity, and the other for static jamming, converge at point J in the zero
mechanical-excitation limit, a behavior reminiscent of the Widom lines in the supercritical phase
of a second-order critical point. Our findings are discussed in the light of recent numerical and
theoretical studies of thermal soft spheres.

Copyright c© EPLA, 2012

At large packing fraction, disordered packings of parti-
cles with repulsive contact interactions jam into a rigid
state. For frictionless and athermal particles, the jamming
transition coincides with the onset of isostaticity and a
number of geometrical and mechanical quantities exhibit
clear scaling laws with the distance to jamming [1]. One
prominent signature of jamming is the singular behavior of
the average number of contacts per particle z− zJ ∝ (φ−
φJ)0.5, where zJ = 2d, d being the space dimension [2,3].
The distribution of the gaps between particles displays a
delta function at zero and a square-root decay for increas-
ing gaps, which is key to the singular behavior of the aver-
age contact number [4–7].
Although the average coordination number singularity

is the hallmark of jamming at zero temperature, its behav-
ior is less clear at finite temperature. Both experimen-
tally [8] and numerically [6,8–11], it has been observed that
the first peak of the partial pair correlation function has a
finite maximum at a packing fraction φj(T )> φj(0) = φJ .
This maximum has been interpreted as a vestige of the
divergence of the pair correlation function at point J , the
T = 0 jamming transition (fig. 1). However, it was later
argued [12] that this structural anomaly can be accounted

for using equilibrium liquid-state theory, and is therefore
not specific to jamming. The vicinity of point J has also
been explored in a mean-field–like replica description of
thermal soft and hard spheres [13]. This description recov-
ers all the observed scalings in temperature and packing
fraction but the square-root singularity of the pair correla-
tion function when T = 0+ and φ= φ+J . This discrepancy,
together with the onset of a diverging length in the
vibrational properties of the jammed state [14], suggests
that larger- scale correlations must be taken into account,
and calls for a better characterization of the vicinity of
point J.
In the present letter, we focus on the dynamics of

the contact network, a natural quantity of interest
as soon as dynamics is present, which, to our knowl-
edge, has never been explored so far. To this end, we
experimentally investigate a vibrated two-dimensional
bi-disperse packing of photo-elastic grains, close to
its jamming transition. We control both the packing
fraction, φ, and the mechanical excitation, γ, to be
defined precisely below. This mechanically driven and
dissipative system is far from equilibrium and the
mechanical excitation is different from a temperature in
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Fig. 1: (Color online) Sketch of phase space. In the glass phase,
two Widom lines, a structural one (SWL) and a dynamical one
(DWL), emerge from point J and separate the jammed glass
(frozen structure and frozen contacts) from the unjammed one
(frozen structure but “liquid” contacts).

many aspects. However, by analogy, one can reasonably
consider that both temperature and mechanical excita-
tion provide agitation to the particles. The structure, in
terms of particle neighborhoods, is completely frozen on
the experimental time scales: the system can safely be
considered as a granular glass. The structural signature
of jamming φ†(γ) is given by an abrupt variation of the
average number of contacts. Above φ†(γ), the contacts
are also frozen. On the contrary below φ†(γ), they
exhibit a rich dynamics with strong heterogeneities. For
any finite mechanical excitation γ, these heterogeneities
are maximum at a packing fraction φ∗(γ) smaller than
φ†(γ). The relative shift |ε∗|= |φ∗−φ†|/φ† decreases
linearly towards zero and the characteristic length of
the dynamical heterogeneities eventually diverges as
the mechanical excitation approaches zero. Our results
suggest the phase space diagram sketched in fig. 1,
where the structural and the dynamical crossovers are
reminiscent of Widom lines [15,16] for point J , namely
the locus of the maxima of the second derivatives of
the free energy, introduced in the context of critical
phenomena.
Our experimental set up (fig. 2(a)) is adapted from

[17,18], and allows us to shake photoelastic discs between
two cross-polarizers, thereby accessing the contact and
force network [3,19]. A bi-disperse mixture of 4964
and 3216 polyurethane (PSM-4) discs, of, respectively,
4mm and 5mm diameter, lies on a flat transparent
surface, which oscillates with an amplitude of 1 cm at
different frequencies of 6.25, 7.5 or 10Hz. For frequencies
smaller than f0 = 4.17Hz, the grains do not slip on the
plate and the mechanical excitation is effectively null.
In the following we shall use the reduced frequency
γ = (f − f0)/f0 as a measure of the mechanical excitation.
The grains are confined in a static rectangular cell, for
which the position of one horizontal boundary is tuned
using a micro-metric piston attached to a force sensor.
A LED back-light and a circular polarizing sheet are
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Fig. 2: (Color online) Experimental setup and protocol. (a) The
vibrating cell. (b) Logarithmic increase followed by a stepwise
decrease of the packing fraction, and pressure at the wall.
(c) Average pressure vs. packing fraction, γ = 1.4: PTOT (©),
PSTAT (!), PDYN (") as defined in the text.

inserted in the vibrating surface, so that the grains are
lighted by transmission of circularly polarized light.
A monochromatic high-resolution CCD camera records
two types of images in phase with the vibration. Every
odd period, a circular analyzer is inserted by a rotating
wheel in the camera field to visualize the photoelastic
pattern. From the direct-light images acquired every
even period, we obtain the grain positions with a reso-
lution of 0.5% of the mean grain diameter. We then use
standard tracking and tessellation techniques to obtain
the dynamics and structure of the packings. From the
cross-polarized images, we estimate the normal force
between two neighbors by integrating the square spatial
gradient of the light intensity over the area defined by
the two Delaunay triangles sharing a common edge.
Henceforth, all lengths are expressed in units of the small
grain diameter, and time is expressed in units of vibration
cycles.
In order to ensure the highest and most reproducible

jammed packings, the packing fraction, which we control
with a relative resolution of 5× 10−6 is increased by
steps of δφ= 3× 10−4 to some maximum value, using
exponentially increasing time steps (fig. 3(b)). All images
are then acquired during stepwise decompression. For each
decompression step we carefully check that the system
reaches a steady state, and all data presented here have
been computed in this steady regime. Figure 3(c) displays
the pressure with respect to the packing fraction. PTOT
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Fig. 3: (Color online) Structure of the granular glass, γ = 1.4.
(a) Superposition of the Laguerre cells computed at times t= 1
and t= 5000 for the loosest packing (φ= 0.8031). (b) Average
fraction of neighbors Qnn(τ) which have not changed between
two images separated by a time interval τ , for different packing
fractions, as indicated in the legend. (c) Map of contact forces.
Color code spans from blue (low forces) to red (high forces).
(d) Average coordination number z vs. packing fraction φ,
determined according to various force thresholds

(respectively, PSTAT ) is the pressure measured when the
vibration is switched on (respectively, off). PSTAT is
thus the static pressure sustained by the packing in the
absence of vibration, whereas PDYN = PTOT −PSTAT can
be interpreted as the additional dynamic pressure, induced
by the vibration. At high packing fraction, the pressure
is dominated by its static part, whereas at low packing
fraction, it is mostly dynamic. A crossover occurs at some
intermediate packing fraction, which in [17] was shown
to coincide with a maximum in the heterogeneity of the
dynamics, as probed at scales of the order of 10−2 grain
diameter. Here, the transition is shifted to lower values
of φ, a fact which we attribute to the higher interparticle
friction of the photoelastic discs [1]. Also the transitional
range is wider, which is likely due to the relative softness
of the photoelastic discs as compared to the brass discs
used in earlier experiments. (Young modulus of 0.5GPa,
as compared to 100GPa).
We first focus on the largest mechanical-excitation

level, γ = 1.4. Altogether, the above compression
protocol produces a structure in terms of nearest-
neighbor relationships, which is completely frozen on
experimental timescales. The Laguerre tessellation of

two different packings separated by a time lag 5000 can
be superimposed almost perfectly, even at the loosest
packing fraction (fig. 3(a)). This is further quantified by
Qnn(τ), the average fraction of neighbor relationships
surviving in a time interval τ . Qnn remains larger than
95% even for the loosest packing fraction, and is barely
less than 100% for the denser ones (fig. 3(b)). The contact
network within this frozen structure is provided by an
analysis of the photoelastic images. A threshold is applied
to both the gap between neighboring particles and the
contact force (see map of contact forces in fig. 3(c)), to
decide what particles are in contact. Figure 3(d) displays
the average number of contacts, z, as a function of
the packing fraction for different thresholds. While the
absolute value of z depends on the threshold, the depen-
dence on φ is very robust: z is constant at low packing
fractions, displays a kink at some intermediate packing
fraction, and thereafter, increases. The kink occurs at a
packing fraction which is independent of the threshold.
We interpret this packing fraction as the signature of a
structural crossover to jamming in the presence of vibra-
tion and find φ† = 0.8143± 0.0005. Above φ†, the system
is jammed and, z ∼ a (φ−φ†)β + zc, where β ∈ [0.4, 1] and
zc ∈ [2.7, 4.3] depend on the threshold. Since counting
arguments for frictional packings [1] constrain zc between
3 and 4 for two-dimensional systems, it is fair to say that
the transition indicated by the kink is robust to the thresh-
olding procedure. We now come to the innovative part of
this work, which consists of studying the dynamics of the
contact network and its dependence on the mechanical
excitation.
Analyzing the force network, we recover existing results

on the force distributions [20] and observe that its dynam-
ics is slaved to that of the contacts. We thus concentrate
on the description of the dynamics of the contact network.
It is naturally quantified by an estimator of the contact
overlap between t and t+ τ :

Qz(t, τ) =
1

N

∑

i

Qzi (t, τ), (1)

where Qzi (t, τ) =Θ(2− |δzi(t, τ)|), with Θ(.), the Heavy-
side function and δzi(t, τ), the change in number of
contacts of grain i, between t and t+ τ . Alternative defi-
nitions, e.g., requiring smaller or larger local contact
fluctuations, do not change the following conclusions.
Figure 4(a) displays Qz(τ) = 〈Qz(t, τ)〉t for the various
packing fractions, where 〈.〉t denotes the time average.
The black curve corresponds to the packing fraction of
the jamming crossover φ†. For φ> φ†, Qz(τ) remains
constant at values ranging between 0.7 and 0.9, indicat-
ing that there is no long-time decorrelation of the contact
network: the contacts are established permanently, once
they are formed. The sole decorrelation observed above φ†

occurs at short times and is induced by the fast dynam-
ics of the rattlers, the number of which increases when
φ approaches φ†. For φ< φ†, long-time relaxation clearly
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Fig. 4: (Color online) Contact Dynamics. (a) Average contact
overlap Qz(τ) for different packing fractions, γ = 1.4 (same
color code as in fig. 3(a) with the curve corresponding to φJ
plotted in black). (b) Contact overlap dynamical susceptibility
χz4(τ), γ = 1.4 (same color code). (c) Contact overlap dynamical
susceptibility χz∗4 , chosen for the delay time, τ , that maximizes
its value, as a function of ε= (φ∗−φ†)/φ† for three realizations
(•,!, $) of the same experiment, γ = 1.4. (d)–(f) Maximal
contact overlap dynamical susceptibility χz∗4 (•) and average
contact number z(&) vs. ε for three different amplitudes of
the vibration: (d) γ = 1.4; (e) γ = 0.8; (f) γ = 0.5. The red,
respectively blue, dashed line indicates the location of φ∗,
respectively φ†. The continuous blue curve is a guide to the
eye.

sets in, indicating that contacts now rearrange. On can
thus think about this structural crossover as a glass transi-
tion for the binary degrees of freedom (e.g., yes/no) which
indicate whether neighboring particles are in contact
or not. Accordingly, one would like to further investi-
gate this long-term dynamics, in order to see whether
it shares other similarities with glassy dynamics in spin
systems.
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Fig. 5: (Color online) Dependence on the vibration amplitude
of (a) |ε∗|, the relative shift between φ∗ and φ† and (b) the
maximal dynamical susceptibility as a function of the vibration
amplitude γ. The continuous lines indicate, respectively, a
linear and a 1/γ dependence on γ.

We compute the dynamical susceptibility (see [21] for
an introduction to dynamical heterogeneities):

χz4(τ) =N
Var(Qz(t, τ))

〈Var(Qzi (t, τ))〉i
, (2)

where Var(.) denotes the variances sampled over time and
〈.〉i denotes the average over the grains. This dynamic
susceptibility estimates the range of the spatial correla-
tion in the dynamics of the contact network. One sees
in fig. 4(b) that χz4(τ) becomes significant for φ< φ

†

and then exhibits a maximum χz∗4 in time, which in
turn displays a clear maximum at a packing fraction φ∗.
Performing three independent experimental runs, with the
same vibration γ = 1.4, we observe in fig. 4(c) that φ∗

is systematically smaller than φ†, with a relative shift
ε∗ = (φ∗−φ†)/φ† =−5× 10−3: the reorganization of the
contacts is maximally collective, indicating a dynami-
cal crossover below φ†. Since it is well known that the
jamming transition and its related crossovers, a priori
depend on the initial conditions and the preparation proto-
col [22], we shall now use the reduced packing fraction
ε= (φ−φ†)/φ†, in order to compare different experimen-
tal runs.
The robustness of our finding is further reinforced

by the fact that we could demonstrate a systematic
dependence on the excitation γ. Figures 4(d)–(f) display
the dynamical susceptibility together with the average
contact number as a function of the packing fraction for
respectively γ = 1.4, 0.8, 0.5. On decreasing γ, one observes
that i) the dynamical crossover φ∗ moves closer to the
structural signature of jamming and ii) the maximum of
the dynamical susceptibility χz∗4 , hence the correlation
length, increases when γ decreases. Figure 5 summarizes
these dependancies. Our data are compatible with a
linear variation |ε∗|∝ γ and max(χz∗4 )∝ 1/γ suggesting a
divergence of the correlation length at zero excitation.
Let us now summarize and discuss our observations.

Having prepared a granular glass, with a frozen neighbor-
hood structure, we have observed three salient features
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of the contact network: i) the evolution of the averaged
number of contacts with packing fraction, z(φ), points to
a first transitional packing fraction φ†; ii) the dynamics
of the contact network, together with the fluctuation of
the coordination number are maximally heterogeneous at
a packing fraction φ∗ < φ†. The shift in packing fraction
decreases linearly with the amplitude of the mechanical
excitation, while the dynamical heterogeneities increase
sharply. This phenomenology, summarized in fig. 1, is
reminiscent of the so-called Widom lines observed in the
supercritical region close to a critical point [15,16]. To
our knowledge, the present study is the first experimental
characterization of these crossovers, including their depen-
dence on the mechanical excitation. Obviously one would
like to extend the range of dependence towards even lower
excitation, but the required precision then calls for numer-
ical investigations.
Along the way, our results address a long-standing

conundrum left from earlier experiments using the same
apparatus, but with hard (brass) discs [17]. The authors
observed a maximum in the heterogeneities of the dynam-
ics for the packing fraction, where PDYN (φ) and PSTAT (φ)
intersect. The existence of this maximum suggests that
the experiment probed both sides of the jamming tran-
sition, a puzzling conclusion given the very strong stiff-
ness of the brass discs. Using soft discs, we demonstrate
here that there are several signatures of point J at finite
mechanical excitation, γ, and that the one associated with
the dynamical heterogeneities occurs at a lower pack-
ing fraction, φ∗(γ), than the one at which the average
number of contact increases, φ†(γ). The previous exper-
iment using brass discs [17] was actually probing the
dynamical crossover, φ∗, both sides of which lie below
the structural signature of the jamming transition. This
is further confirmed by the observation that, here also,
PDYN ( PSTAT at φ∗.
Unlike thermal systems, our system is in an out-

of-equilibrium, mechanically driven state. Still, recent
numerical simulations [6,9,11,23] suggest that for the
kind of physics we are interested in, the similarities
with thermal systems are much stronger than one may
have expected at first sight. For instance, the structural
crossover reported here might be related to the finite-
temperature first-peak pair correlation maxima near the
jamming point reported in [6,8,9]. More specifically, in [23]
the authors report an extensive study of the dynamics
close to point J , in the temperature-density space, which
they conclude by comparing with existing colloidal exper-
iments. To do so they essentially use the Debye-Waller
factor, namely the size of the cage surrounding the parti-
cles, as a sensitive thermometer. In the present case, the
cage size at the largest packing fraction and largest magni-
tude of excitation is of the order of 5× 10−3. This would
correspond in fig. 1 of their work to a rescaled kinetic
energy of 10−6. For lower excitation, it is even smaller.
In all cases, we conclude that the present experiments,
together with those of [17,18] are for the moment the only

ones, which have probed the dynamical criticality related
to the jamming transition (see the discussion part and
fig. 12 in [23]). Whether the same scenario as the one
described here holds for thermal soft spheres, such as
emulsions, is an open issue for further experimental
investigation.
Finally, one cannot exclude the possible effect of friction.

Here the friction coefficient amongst the grains is typically
µ= 0.7 and one indeed notes that the packing fractions
of interest reported here have a lower value than those
obtained for the brass discs (µ= 0.4) and for frictionless
particles. However, our results demonstrate that at the
qualitative level and in the dynamical regime probed
by our setup, friction does not seem to be a relevant
parameter. Whether it impacts the quantitative scaling
properties close to points J requires further studies,
presumably numerical ones.
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